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R - real line,
I - a o-ideal of subsets of R

» containig singletons, i.e. [R]¥ C 1,
> with Borel base, i.e. (VI € I)(3B € BorelNI)(/ C B),

» translation invariant, i.e.
(VM e)(VxeR)(x+1={x+i : iel}el).



Definition
Let N C R. We say that the set N is

1. T-nonmeasurable iff
N & Borel[l] = {B A | : B € Borel,l € 1};
2. completely I-nonmeasurable iff

(VA € Borel \I)(ANN &¢I A AN (R\ N) ¢ I).



Remark
N C R is completely I-nonmeasurable iff

(VA € Borel \I)(ANN £ 0 A AN (R\ N) # ).



Remark
» N is completely L-nonmeasurable if A\,(N) =0 and
» The definition of completely K-nonmeasurability is equivalent
to the definition of completely Baire-nonmeasurability.

» N is completely [R]“-nonmeasurable iff N is a Bernstein set.



Question
Let P C I be a partition of R. Is it possible that

(VA C P)(UA is [-nonmeasurable —

U A is completely I-nonmeasurable)?



Definition
I has Steinhaus property if

(VA € Borel \ I)(VB ¢ I)(A — B contains an open interval)

where
A—-B={a—b: acA beB}.
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Theorem
Assume 1 has Steinhaus property. Then there exists a partition
P C 1 of R such that for every A C P

U A is I-nonmeasurable — U A is completely 1-nonmeasurable.

Proof.

Forx, yeRletx=y+ x—ye€Q. Let

P=R/~={x,+Q : ac2¥}

Take A C P such that |A| > w and [P\ A] > w.

Assume that A is not completely T-nonmeasurable.

Then (JA €T and J(P \ A) €1 and at least one of this sets
contains [-possitive Borel set.

So UA —J(P\ A) contains an open interval.

UA-UMP\A) ={xa—x3+Q : xa+Qec A, x34+Q c P\ A}
UA-UMP\ A NQ = 0. Contradiction. O
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Theorem
Let P C [R]<“ be a partition of R. Then

1. there is A C P such that | J.A is completely 1-nonmeasurable;

2. there is A C P such that |J A is I-nonmeasurable but is not
completely I-nonmeasurable.

Proof.

1. Standard construction of Bernstein set.
2. Let P={Y, : ae2¥}, Yo ={yd. v - ¥5)
Vo <yt <...<yg.
Define X = {yg : a€2¥}. Wilog Xp ¢ L.
We can find r € R such that Xp N (—o0, r) ¢ I and
XoN(r,+o0) &1
Put P ={Y, : y§>r} CP.
UP C(r,+o0) and P ¢ 1.
Find A C P’ such that |J A is I-nonmeasurable. | J.A is not
completely I-nonmeasurable.
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Theorem (—CH)

Assume that P C [R]“ is a partition of R. Then we can find
A C P such that | J A is [R]“-nonmeasurable but is not completely
[R]“-nonmeasurable.

Proof.

Take A C P such that |A] = w;.

[UA| =w1 <2¥. So, |JA is [R]“-nonmeasurable.

Fix {Qn : « € 2¥} a family of pairwise disjoint perfect sets.
There exists a such that Q, N|JA = 0. So, |J A is not completely
[R]“-nonmeasurable. O
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Theorem (CH)
There is P C [R]¥ a partition of R such that for any A C P

U A is [R]“-nonmeasurable — U A is completely [R]“-nonmeasurable.

Proof.
Let {Qn : « € w1} be an enumeration of all perfect subsets of R.
We can construct a partition P = {X, : a € wi} C [R]¥ in such
a way that

Xa N Qg # 0 for every 5 < a.

Now, take A C P such that |A| = |P \ A| = w;1. Then

UAﬂQa#ﬁand U(P\A)QQQ;&(Z)foreverya<w.

OJ

So, |J A is completely [R]“-nonmeasurable.



Corollary
TFAE:
1. CH,
2. there is P C [R]“ a partition of R such that for any A C P

U A is [R]¥-nonmeasurable

v

U A is completely [R]*-nonmeasurable.



Thank You for Your Attention
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